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NTRODUCTION

In [5] RUDERMAN proposed the following (unsolve

ergence of the series

o [n/2]
) Zl i—)———n
n=

estimate its sum.
In this note it will be shown, more generally,
tive real number and if o is any real quadratic

series

(2D

s
n=1 n

© [nal

onvergent. Also it will be shown that the sum S

D) -.51545 < S < -,51538 .

JONVERGENCE

Throughout this note s will be some fixed posit
motes some fixed real quadratic irrationality (1

'Twise) .

JREM 1. The series (0.2) converges.
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have (by partial s on)
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3) . {l_s_.
n k
suppose that we c ve tha
4) o = 0(log (n ~»

n we have

%n
5) lim — =0
o 8
(by the mean valu rem)
6) o {-——1 - — = o (k —5
s k YD

7) ok{LS - — = 0(1—‘2 > ).
k (k k"
m (1.3), (1.5) and it fo 0.2) converges:
. 1
8) lim S_ = —_— - -
e By k°  (
last series being utely Hence, in order to prove the
vergence of (0.2) fices (1.4) holds true.
In order to prov ) we o
9) [-x] + [x] . (
m which it is easi n that ss of generality) we may
ume a > 0. A simpl ting p s that if a > 0 then

10) o= kl‘gl ( {[g] - 'I)M{n - [fﬂ} :
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g] _ na _ [[na]] > na=lnal .

o o a o

hj]gn_b_’_l+l=nu—[na]+l<l+a
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es to show that

0(log n), (n > =),

d of 1 we have
o

M k-1
Y= H{IkB] - [(k-1)BI} =
k=1

D5 Trke] + -)MMg] =
1

2
k

e~

(-DMMBT + 2{[81-[281+[381-+...

~DMIMT + 2{[B1+ 287+ ...+ [MB]}

- 4{[23]+[43]+ rz[”—ﬂsl} -

"1o2]
M M
(-1D7TMBT - 2 ) {kB-[kBI-14} + 4
k=1
M [M/2]
F2 ) (kB=3) -4 ) (2kB-}) =
k=1 k=1

- zR;(s) + 4 REM/ZJ(ZB) + Ay




re (compare [2; p.98])

* def ¢ 1
16) R (B) — ] (kB-[kel-)
k=1
M M
17) Ay = (-D)7TMBT + 2 ) (kB-}) - 4
k=1

may verify that if a € IN then

18) AZa = [2aB] - 2aB

19) AZa—l = (2a-1)B - [(2a-1)B] + B-1
that

20) AM = 0(1), (n > =),

we recall a theorem of LERCH (c.f. [3] or

the regular continued fraction expansion

21) B = {bo;b],bz,b3,...}

h bi < K = K(B) for all i ¢ IN, then
22) R;(B) = 0(log n), (a = =).

ce o is a real quadraticirrationality, LER

well as to 2B. Hence, from (1.15) and (1.2

23) 0; = 0(log M) + 0(10g[%}> + 0(1) =

pleting the proof of theorem 1.
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RKS.

1 OSTROWSKI [4; p.84-85] it is shown that if B = {b ;b b2,b3,...}
= K(B) for all i ¢ N, then

28 = {CO;CI’CZ’CS""}

ith c; < 4K(B) for all i € IN.
com thlS result and the proof of theorem 1 it follows that theorem

lso holds true for all irrational o such that
a = {ao;al,az,a3,...}
ith a; < K(a) for all i € IN.

1 KHINTCHINE [1] it is shown that for any € > 0 we have
R;(e) = O((log n)]+€), (n » »)

)r almost all 6 € IR.
rom this result and the proof of theorem 1 it follows that theorem

ylds true for almost all o € IR.

[E SUM OF (0.1)

First we recall a theorem of OSTROWSKI (c.f. [4; p.81] or [2; p.I(

g that if B has the regular continued fraction expansion

by3b sbysbase--

} with b, < K for all i ¢ IN, then
IR B)| =< K log n, (n > 10).

lr case we have

B = §/2 = {0;1,2,2,2,...} = {031,2}

at K(B) 2, and

28 = V2 = {1;2,2,2,...} = {1;2}
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> K(2B) = 2.
ining the proof of theorem 1 it is easily rM2
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12 log 2 + 18 log n + 18 log V2 =
=2 -3 1log 2 + 18 log n.

uence we have

- E (_l)[na] )
n=1 n
o on N on
IR Ch
N > 15, (M= 22),
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lw(N) | < n=§+1 DI
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Z 2-31og 2+ 18 logn _
=N+1 n(n+1)
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ving that

log N
us have

2 -3 log 2 + 18 1 + log N

oM | < —F757 N .

ay verify that

lw(107)] < .000 031

10 o

) J —— = -.515 418 4 ... ,
n=1 n(n+1)

which it follows that
) -.51545 < § < -.,515 38.

K. Numerical work performed by H.J.J. TE RIELE suggests strongly that
S =-.515 418 4 ...

an accuracy of 6D.
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